Introduction
In [8] M. Larsen proposed the following: Conjecture 1. Let K be a finitely generated infinite field, K s its separable closure, G a finitely generated subgroup of Gal(K s /K), and K s G its fixed field. If E/K is an elliptic curve, then the group E(K s G ) ⊗ Q is infinitely generated.
When G is generated by one element, this conjecture is known for K = Q [5] and in a number of other cases [1, 6, 7] ; see also [9] for some results when G has two generators. We give evidence for the full conjecture for K = Q by showing that it is implied both by the Shafarevich-Tate and the (first part of) the Birch-Swinnerton-Dyer conjecture for elliptic curves over number fields:
Theorem 2. Let E/Q be an elliptic curve and G ⊂ Gal(Q/Q) a finitely generated subgroup. The analytic rank and the p ∞ -Selmer rank for every odd p are unbounded in number fields contained inQ G .
Recall that for an elliptic curve E over a number field F , the analytic rank rk an E/F is defined as ord s=1 L(E/F, s). Even for E defined over Q the analytic continuation of L(E/F, s) to s = 1 is not known for general F , but in the proof of the theorem we will choose number fields where it is. The p ∞ -Selmer rank rk p E/F is the usual Mordell-Weil rank rk E/F = dim E(F )⊗Q plus the Z p -corank of X(E/F ), the number of copies of Q p /Z p in X(E/F ). We remind the reader of the usual conjectures concerning these ranks:
Conjectures. Let K be a number field, and E/K an elliptic curve.
• L(E/K, s) is entire, and rk E/K = rk an E/K (Birch-Swinnerton-Dyer).
• X(E/K) is finite; thus rk E/K = rk p E/K for all p (Shafarevich-Tate).
• (−1) rk E/K = w(E/K) (Parity conjecture).
The global root number w(E/K) is defined as a product of local root numbers w(E/K v ) = ±1 over all places of K, and is the conjectural sign in the In fact, the proof of Theorem 2 shows that the parity conjecture also implies Conjecture 1 for elliptic curves over K = Q. When K is a general number field, the analytic continuation of L(E/K, s) to s = 1 is not known so we cannot say anything about rk an E/K. However, we still have the following Theorem 3. Let K be a number field, E/K an elliptic curve and G a finitely generated subgroup of Gal(K/K). Then both the parity and the ShafarevichTate conjectures imply Conjecture 1, provided
• K has a real place, or • E has non-integral j-invariant.
Remark 4. Slightly more generally, the theorem applies if there is a place v of K and some quadratic extension
The proofs of both theorems rely on an elementary root number argument in F r p ⋊ C 2 -extensions and some version of the parity conjecture. For the second theorem we will need the following result, which is a slight variation of [3] Thm. 1.3.
Proposition 5. Let K be a number field, E/K an elliptic curve and M/K a quadratic extension. Suppose for every prime w|6 of M which is not split in M/K, E has semistable reduction at w, and the reduction is not good supersingular if w|2.
This has a consequence, which is of interest in itself:
Corollary 6. Let M/K be a quadratic extension of number fields, E/K an elliptic curve and assume that X(E/M (E[2])) is finite. If all primes of bad reduction of E split in M/K, then the parity conjecture holds for E/M ,
Notation. Throughout the note K denotes a number field and E an elliptic curve defined over K. We write w(E/K v ) = ±1 for the local root number of E at v, and w(E/K) = v w(E/K v ) for the global root number. For an Artin representation τ of Gal(K/K) we write w(E/K v , τ ) and w(E/K, τ ) = v w(E/K v , τ ) for the local and global root numbers of the twist of E by τ . See e.g. [10] for properties of root numbers of elliptic curves and their twists.
Proof of Theorem 2
Lemma 7. Let M/K be a quadratic extension of number fields, E/K an elliptic curve and G ⊂ Gal(K/K) a finitely generated subgroup. For every odd prime p and r ≥ 1 there exists a Galois extension
The primes of M above primes of bad reduction for E/K split completely in F . For such an extension, w(E/K, ρ) = w(E/M ) for every irreducible 2-dimensional representation ρ of Gal(F/K).
Proof. Pick primes ℘ 1 , . . . , ℘ n of K that split completely in M (ζ p ), and consider m = i ℘ i as a modulus of M (ζ p denotes a primitive pth root of unity). Write I m for the group of fractional ideals of M that are coprime to m, and P m for the subgroup of principal ideals that can be generated by an element congruent to 1 mod m.
Let Q be the largest F p -vector space quotient of the group
Comparing this with the corresponding group of K, we see that the Gal(M/K)-antiinvariant part of Q has dimension d ≥ n − δ. By class field theory it yields a Galois extension
is of index at most 2 in G, and the F p -dimension of its image in H is bounded by the number of generators of G. Also, the decomposition subgroup in H of any prime of M has size bounded by a constant independent of n. Now let H 0 < H be generated by the image of G ∩ Gal(M /M ) and the decomposition subgroups of primes of M that lie above primes of bad reduction for E/K. Then F H 0 n satisfies (2) and (3), and letting n → ∞ gives the desired extensions F/K.
For the last claim, let ǫ be the non-trivial character of Gal(M/K). The complex irreducible representations of Gal(F/K) are 1, ǫ and 2-dimensional representations each of which factors through a D 2p -quotient.
Recall that w(E/M ) = w(E/K, 1 ⊕ ǫ) by inductivity of global root numbers, so it suffices to check that w(E/K v , 1 ⊕ ǫ) = w(E/K v , ρ) for all places v of K. This holds for places v whose decomposition group D in F/K has order at most 2, because ρ and 1 ⊕ ǫ are isomorphic as D-representations. In particular, this includes Archimedean places and places of bad reduction for E. On the other hand, if E has good reduction at v, then for every 2-dimensional self-dual Artin representation τ of Gal(K/K),
by the unramified twist formula [12] 3.4.6 and the determinant formula [12] 3.4.7. Here we implicitly use the local reciprocity map at v to evaluate τ at −1. As det ρ = ǫ = det(1 ⊕ ǫ), the claim follows.
We now prove Theorem 2. Take an imaginary quadratic field M = Q( √ −d) where all bad primes for E split. Note that w(E/M ) = −1, as the contribution from bad primes is (±1) 2 , and the local root number is +1 for primes of good reduction and −1 for infinite places.
Let p be an odd prime. By the p-parity conjecture for E/Q and its quadratic twist by −d ([3] Thm. 1.4), we have (−1) rkp(E/M ) = w(E/M ), so rk p (E/M ) is odd. Let F be as in Lemma 7 for some r ≥ 1, and let V ⊂ F r p be any index p subgroup, so V ⊳ Gal(F/Q) and Gal(F V /Q) ∼ = D 2p . The image of G in this Galois group has order at most 2, so there is a degree p extension L/Q inside F V fixed by G. As all bad primes for E split in M , by [3] Prop. 4.17,
Write X for the dual p ∞ -Selmer group Hom(Sel p ∞ (E/F ), Q p /Z p ) and X = X ⊗ Zp Q p . Thus X is a Q p -valued representation of Gal(F/Q), and rk p E/k = dim X Gal(F/k) for every k ⊂ F , see e.g. . Letting r → ∞ we deduce that the p ∞ -Selmer rank of E is unbounded for number fields insideQ G .
To prove that the analytic rank is unbounded, let p = 3 for simplicity and take the same F as above. The irreducible complex representations of Gal(F/Q) are 1, ǫ, and ρ V for varying V . The curve E/Q is modular, so the L-functions L(E/Q, s), L(E, ǫ, s) and L(E, ρ V , s) are analytic and satisfy the expected functional equation. (The twists by ρ V are Rankin-Selberg products.) The same applies to L(E/k, s) for every k ⊂ F ; indeed, by Artin formalism,
with Ind Q k a shorthand for Ind
as Ind Q k 1 contains at most one copy of 1 and ǫ. Now take k = F G and let r → ∞ as before.
Proof of Theorem 3
We claim there is a quadratic extension M/K where w(E/M ) = −1 and rk E/M is odd. This will suffice, as we can then use exactly the same construction as in the proof of Theorem 2 with K in place of Q and any odd p.
Fix a place v of K which is either real or with ord v j(E) < 0. We take M/K to be any quadratic extension where
• There is a unique prime v ′ above v, and E has split multiplicative reduction at v ′ if ord v j(E) < 0.
• If w = v is either Archimedean, a place of bad reduction of E or divides 2 then w splits in M/K. Such a quadratic M exists by the weak approximation theorem, as we prescribe only its local behaviour at finitely many places. The existence of an appropriate local extension in the second case follows from the theory of the Tate curve, see e.g. 
Proof of Proposition 5
Lemma 8. Let K be a number field and E/K an elliptic curve with a K-rational 2-torsion point. Let Σ be the set of primes v|2 of K where E has additive or good supersingular reduction. Suppose M/K is a quadratic extension where every prime v ∈ Σ either splits or becomes a place of multiplicative or good ordinary reduction for E. Then (−1) rk 2 E/M = w(E/M ).
Proof. Choose a model for E/K of the form E : y 2 = x 3 + ax 2 + bx , and let φ : E → E ′ be the 2-isogeny with (0, 0) in the kernel. Let σ w (E/M ) = (−1) ord 2 coker φw−ord 2 ker φw , where φ w : E(M w ) → E ′ (M w ) is the induced map on local points. By Cassels' formula (see [2] §1),
Write (·, ·) w = ±1 for the Hilbert symbol at w. Then
for every place v of K. Indeed, this trivially holds for all v that split in M/K, and it holds at all other primes by [2] , proof of Thm. 4 in §7. The result follows by the product formula for Hilbert symbols.
Lemma 9. Let K be a number field and E/K an elliptic curve. Let Σ be the set of primes v|6 of K where E has additive reduction. Suppose M/K is a quadratic extension where every prime v ∈ Σ either splits or becomes a place of semistable reduction for E. Let F/K be any S 3 -extension not containing M , and write
Proof. Fix a global differential ω = 0 for E/K. For an extension k/K and a prime w of k write C w (E/k) = c w (E/k)|ω/ω o w | w , where c w is the local Tamagawa number, ω o w a Néron differential at w, and | · | w the normalised w-adic absolute value. By [3] Thm. 4.11 with p = 3,
the products taken over the primes of M F and N ′ respectively. It suffices to show that for every place v of K,
where we interpret the right-hand side as 1 for Archimedean places. If v splits in M/K the formula trivially holds as each term occurs an even number of times. For all other v, this is proved in [3] Prop 3.3 (the G-set argument in Case 1 also covers Archimedean places).
We now prove Proposition 5. The assumption on X also forces X(E/k)[6 ∞ ] to be finite for all intermediate fields K ⊂ k ⊂ M (E [2] ), see e.g. [3] Rmk. 2.10. Now we proceed as in the proof of [3] Thm. 3.6.
Write F = K(E [2] ). If E(K) [2] = 0, apply Lemma 8. Otherwise Gal(F/K) is either C 3 or S 3 . In the former case, Gal(F M/M ) ∼ = C 3 as well, thus rk E/M and rk E/F M have the same parity. It is also well-known that global root numbers are unchanged in odd degree cyclic extensions (this follows from [12] 3.4.7, 4.2.4), so w(E/F M ) = w(E/M ) and the result again follows from Lemma 8 applied to F M/F .
In the last case Gal(F/K) ∼ = S 3 , write N = F C 2 M , N ′ = F C 3 M . If M ⊂ F , the above argument shows that w(E/N ) = (−1) rk E/N and similarly for N ′ ; now apply Lemma 9. If M ⊂ F , then F/M is a Galois cubic extension, so we may again show that w(E/F ) = (−1) rk E/F . But this holds by Lemma 8 applied to the quadratic extension F/N . Finally, Corollary 6 is immediate from the fact that w(E/K v ) = −1 for Archimedean v.
